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Diffusive dynamics of protein folding studied by molecular dynamics simulations
of an off-lattice model
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We report the results of a molecular dynamics study on the kinetic properties of a small off-lattice model of
proteins. The model consists of a linear chain of monomers interacting via a number of potentials. These
include hydrophobic, bond-angle, and torsion potentials. The ground-state conformation of the studied model
is a B-sheet motif. Molecular dynamics simulations focused on the time evolution of the reaction coordinate
measuring the similarity of a given conformation with the native state. Folding time for the studied model is
calculated following the diffusive-rate formula of Bryngelson and WolyjiesPhys. Chem93, 6902(1989 ]
by using a computed separately configurational diffusion coefficient. Comparison of the folding time with the
mean-first passage time obtained directly from folding simulations shows that the approximation depicting the
dynamics of the reaction coordinate in protein folding as a diffusive motion on a free-energy landscape is
guantitatively correct for the studied model.
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[. INTRODUCTION by Chan and Dill, kinetic sequences of events, as well as free
Within the framework of the energy landscapes theoryenergy profiles, simulated on a two-dimensional homopoly-
folding of a protein can be regarded as a stochastic motiomer lattice strongly depend on the adopted movd Bktin
on a multidimensional statistically averaged free-energy surview of these difficulties it is interesting to test the applica-
face [1]. The protein free-energy surface has a funnel-likebility of the physically motivated and robust idea of the dif-
structure when defined in terms of a few appropriately chofusive dynamics by using more realistic methods and mod-
sen reaction coordinates or order parameters. Although thels.
funnel multidimensionality may prove important for larger  In this paper we report a molecular dynamics study on the
proteins, a recent study focused on lattice protein models dfinetics of a short off-lattice model of proteins. The basic
the smaller proteing2] revealed that a single reaction coor- architecture of our model was borrowed from the model in-
dinate suffices in most cases to reasonably describe theiroduced by Honeycutt and Thirumald], which turned out
folding dynamics. Protein motion on the energy landscape&o be quite successful recenfl9]. Protein is modeled as a
can be regarded to a first approximation as diffusive. Theinear chain of monomers placed at the positionsQof.
reaction coordinate then obeys the Brown equation of motiotMonomers can occupy any point in the phase space thus
characterized by a single parameter, the configurational difmaking the chain devoid of the steric constraints problem.
fusion constantD [3]. CoefficientD along with the free- Also, the second problem quoted above is no longer present
energy profiles are the two factors that fully determine fold-since within the molecular dynamics meth@d this paper
ing time within the diffusive dynamics formalism through Langevin dynamicsthere is no difficulty in interpreting the
the known diffusive-rate formulg3]. Being just an approxi- simulation time steps.
mation, the analytical diffusion-equation theory of the pro- Our protein model can contain either hydrophobic resi-
tein folding has a solid physical foundation deriving from the dues that attract each other via a Lennard-Jones potential or
random energy modé#]. It was also shown to be correct in neutral monomers that interact via repulsive soft-core force
recent numerical testf5] that employed simulations per- only. A total of 16 monomers connected by fixed virtual
formed by the Monte Carlo method for a lattice proteinbonds were considered; four of them are neutral and all the
model. The lattice simulations, however, suffer from at leastest are assumed to be hydrophobic. Aside from the hydro-
two well-known problems that make interpretation of their phobic force other interactions operating among the mono-
results difficult. First, due to the steric constraints present irmers are bond-angle and torsion potentials. Ground-state
discretized spaces, closely packed structures of proteioonformation of the designed heteropolymer, or the native
monomers may not be adequately represented in lattice mogtate, is aB8-sheet motif. For the model we computed free-
els. This situation was observed by Tanatal. in molecu-  energy profiles along a reaction coordingteneasuring the
lar dynamics simulations of polyampholyt¢6]. Second, extent of similarity between a given conformation and the
there is an ambiguity in common approaches of how to mamative state as a function of temperature. Diffusion coeffi-
Monte Carlo moves onto physical time. As was demonstratedientD was computed directly from the Brown equation for
the reaction coordinate by integrating the time correlation
function of the force acting on variable at timet and the
*Permanent address: Institute for Condensed Matter Physicsalue of this variable at time zerg(0). Availability of both
1 Svientsitsky Str., Lviv 79011, Ukraine. energy landscapes and configurational diffusion constant en-
Email address: andrij@icmp.lviv.ua abled us to calculate folding time numerically due to the
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analytical formula of Bryngelson and Wolyng&|. Compari-

son of this result with the mean-first passage time computed
directly in folding simulations shows that the diffusion-
equation approximation to the dynamics of the reaction co-
ordinate produces a quantitatively correct prediction of the
folding time for the studied protein model. At temperatures
slightly higher than the folding temperatufe, the diffusion-
equation generated folding timg that differs from that ob-
tained in folding simulations by no more than a factor of 2.
At T<T; the two folding times almost coincide.

The plan of the paper is as follows. In Sec. Il we briefly
describe the protein model used in the present simulations.
Section Ill details our kinetical results obtained for the stud-
ied model and in Sec. IV we give the final conclusions.

Il. OFF-LATTICE PROTEIN MODEL

Vu(rij)=4e;,

Ko

Vg(0)= 5

Honeycutt and Thirumaldil0]. Over the last few years this Present study. Dark balls refer to the hydrophobic residues and the
The protein is considered to be a linear chain of monomers
phobic (H) or neutral(N) depending on whether they attract planes formed by three consecutive molecule’s bonds. This
phobic monomers experience mutual attraction described bﬁégions on the chain where a turn is supposed to form, we
. li—jl=2, (1) mers to make the energy of tii@ns and gaucheconforma-
wherer;, is the distance between monomersnd) and the counterparts. The monomer sequence of the designed model
tween neighboring monomers, 3.8 A, for simplicity. Pairs.
dynamics simulation§13] aimed to study thermodynamical
work is motivated by the fact that this algorithm generates
experimen{11]. Throughout the paper we will use the unit degrees of freedom through the stochastic term. The latter
In addition to the hydrophobic force, all monomers aremotion was about ten times lower than the friction experi-
were able to considerably diminish the required computa-
and torsion potential: els depends linearly on the solvent viscosjtyn media with
and joint histograms of potential energy and an order param-

To simulate the folding dynamics we consider a simple
model has been shown to reproduce satisfactorily most baslight denote the neutral residues. Picture was generated with the
placed at the positions df, and linked one to another by 75°. The bond-angle parameteé, was taken to be
each other or repel. Among a total of 16 monomers considpotential has three minima favoring otrans conformation
a Lennard-Jones potential, put two neutral monomers and set the constamts0 and
tions equal. Otherwise, we choge=B=1.5 [e] in order
parametetr was chosen to be equal to the bond length be-
of neutral and neutral-hydrophobic monomers are taken 5 a g-sheet motif, as shown in Fig. 1.
properties were performed at a few selected temperatures.
In the simulations the strength of the hydrophobic foege trajectory in the canonical ensemble and, more importantly,
of e, to measure energy and that &f/k, to measure tem- property is most desirable in studies that aim to treat protein
also subject to the harmonic bond-angle potential: enced by an alanine molecule placed in water at room tem-
(0—0)?, (3)  tional time without introducing any bias to the final results; it
g any
7 as high as that of watéd5].
HereO is the angle formed by two consecutive virtual bondsetery were collected. Here the structural overlapping param-

off-lattice protein model based on the model introduced by FIG. 1. Native state of thgd-sheet model considered in the
aspects of folding kinetics as well as thermodynanfigs  help of thecopenmoL program[12].
bonds of fixed length. The monomers can be either hydro20 [e,/Rad’]. By ¢ we denote the angle between the two
ered four are neutral and the rest are hydrophobic. Hydros; ¢=0° and twogaucheconformations aip=+120°. In
o\12 [ 5\ B=0.5 [ey] for the quartets comprising these two mono-
) 15
to give an energy advantage to tinens state over itgauche
is HsNH3N,H3NH5. Its ground state, or native conformation,
interact via a repulsive soft-core potential: For the model under consideration a series of Langevin
o 12
VH,N(rij)=4eh<r—) . li—jl=2. (2 The use of the Langevin dynamics method in the present
i]
was adopted 2kcal/mol], which is in good agreement with provides a means to account for the influence of the solvent
perature, wherd, is the Boltzmann constant. dynamics. The friction coefficient taken in the equations of
perature[14]. By employing a lower friction coefficient we
is known that the folding kinetics in minimal off-lattice mod-
V1(é)=A(1—cos¢)+B(1—cos 3p). (4) During the simulations, histograms of potential energy
and®, is the equilibrium value of the bond angle set to beeter y, defined ag16]
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x(t)=BDF[ x(t)]+ sR(1), (6)

where B=1/k,T, D is the configurational diffusion coeffi-
1002 cient, andSR(t) is the stochastic force exerted on the degree
of freedomy. Here we assume a further simplification to the
original diffusion equation of Ref.3] by neglecting the de-
1001 pendence oD on the reaction coordinatg. It was noted
earlier that this approximation is rather crudg, especially
at high values ofy. Nevertheless, we use it in the present
0 work partially in order to test how it works for the present
model and partially because there is no straightforward way
of evaluatingD(y) directly from simulations. The regular
FIG. 2. Specific heat and susceptibility of tiesheet motif  force that appears in Ed6) is related to the free-energy
studied in the present work. Symbols denote the results of the carofile U(y) along the reaction coordinate as
nonical simulations performed at selected temperatures. Lines show

Ay

0 0.2 04 0.6 08 1 12
T (e/k,)

the data calculated by the multiple histogram reweighting method dU(x)
18]. Flx]l=— ()
2 N The free-energy funnel is easily available in simulations

X= (N=1)(N-2) Z ;rz G)(‘~‘_|rij_ri'?|)’ ) from the distribution functiorP(x) of the order parametey
asU(x)=—kyT log[P(x)]. Stochastic force&SR in Eq. (6) is
odeled as a Gaussian noise with a zero mean and variance
SR?)=2D. SR taken at a moment is neither correlated
with its value at any previous time nor is it correlated with
the reaction coordinatg at any time, including time. By

'
o ; . _ ultiplying Eq.(6) by x(0) and taking statistical average we
is still considered foldedd in the above expression denotes can derive an equation for the time autocorrelation function

the Heaviside step function. It is easily seen that the para%(t):<x(t)x(0)>_ Integration of this equation yields an ex-
eter y is a generalization into continuous space of thepression for the diffusion constant

fraction-of-native contacts order paramei®r commonly

measures the extent of similarity between a given monom

conformation{r;} and the native statér’}. Parametere,
taken to be 0.2 in our simulations, accounts for the permis-

used in lattice studie§3,17]. For folded states at natured ®(+0)— (0 ) Ay
conditions,y approaches unity, while for denatured states it pBD=— - , (8)
goes to zero. By using the multiple histogram reweighting f W(t)d j W(t)dt
technique[18] we computed from the accumulated in the 0

simulations data the specific he@f, and the susceptibility
function of the order parameteéry=(x% —(x)2. In Fig. 2  where we defined the time correlation function of the regular
we showCv andAy as a function of temperature. The rel- force at timet and the reaction coordinate at time zero as
evance of these two functions to the thermodynamics analy¥ (t)=(F[ x(t)]x(0)). Equation(8) provides a means to
sis rests on the means they provide for the identification otompute configurational diffusion from numerical simula-
the structural transitions that occur in the present modeltions. Once the distribution function of the order parameter
Specifically, the peak position of specific hélt indicates  P(x) at a given temperature is known, the time correlation
the well-known heteropolymeric collapse transition. Thisfunction¥ (t) can be easily evaluated. It is worth noting here
transition is accompanied by a rapid decrease of the overalhat since the only input quantity to E€B) is the trajectory
size of the molecule, as measured, for example, by the radiugf x(t), the above approach of computimyis equally ap-
of gyration. Another transition identified from Fig. 2 takes plicable to both off-lattice minimal models of proteins as
place at a temperatuf® given by the position of the maxi- well as to fully microscopic macromolecular models that
mum of susceptibility. This is a so-called folding transition take into account every atom of the system. In Fig. 3 we
that signifies the protein structural change from a multitudedisplay the time correlation functio¥ (t) calculated for the
of nonspecific collapsed states BT into a set of a few present protein model at a number of different temperatures.
conformations with very high similarity to the native confor- All the curves in this figure have negative initial values,
mation atT<T;. It was shown earlier by simulations that which means that the force acting on the reaction coordinate
the minimum time required for a protein to fold is found in and the reaction coordinate itself are anticorrelated. This is
the vicinity of T; [19-21]. understandable since the generalized fd¥¢g) tends to re-
store equilibrium whenever the variabledeviates from its
mean valugy) given by the conditior=({x))=0. Hence,
F[x] and y must have opposite signs. Figure 3 shows that
Following Bryngelson and Wolynel3] we assume that functionsW (t) calculated at all temperatures above and be-
the dynamics of the structural overlap functigns governed low T; have long-decaying tails. These slowly decaying tails
by the Brown equation, are specific signatures of arrested dynamics that commonly

IIl. RESULTS AND DISCUSSION
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FIG. 3. Time correlation functio® (t) of the regular force act-
ing on variabley with this variable itself, computed as a function of 10’ . . . .
temperature. Number next to each curve denotes the correspondir
temperature. x

FIG. 5. Free-energy profiles computed for the studied protein
arise in disordered materials, particularly in supercooled ligmodel at varying temperatures. The data were obtained by applying
uids and glassek22]. They are an interesting subject for a the histogram reweighting routirjé8].
theoretical study especially in the context of the protein fold-
ing problem. More detailed study of the relaxation functionsArrhenius. This behavior is in good agreement with the pre-
W (t) and®(t) will be presented elsewhef@3] and here it VIOUS S|mulat|<_)n study of diffusive protein dynamics per-
is enough to note that the relaxation ratevoft) decreases ormed for lattice modelgs].

gradually with temperature. That means the absolute value of The configurational diffusion coeff|C|e_nt describes the
the integral from the denominator of EB) grows with T. ruggedness of the energy landscapes or, in other words, how

Using the time correlation functions shown in Fig. 3 andfreely the chain can jump among local minima and make

following Eq. (8) lculated th i tional diffusi transitions among strata of conformational subspaces that
oflowing £q. (o) we caicllated the cohfigurational GiUSION 14,6 - common degree of similarity to the native state. An-
constantD. It is shown in Fig. 4 as a function of inverse

e o ) . other factor that influences the dynamics of the reaction co-
temperature8. The diffusion coefficient is a monotonically ,ginate is the energy landscape itself, or more specifically,

decreasing function g8, thereby reflecting the fact that it is ;g gradient. The free-energy profile determines the system-
more difficult for the molecule to change conformations at aytic tendency ofy to drift towards the global minimum.
lower temperature, where the dynamic mechanism of trapcombined with the information oB it predicts folding time
ping in local minima starts to be prevalent. At sufficiently for a diffusive motion on the rugged energy surface accord-

low temperaturesT <T;, configurational dynamics clearly ing to a formula derived by Bryngelson and Wolyri&$
obeys the Arrhenius law, as can be seen from Fig. 4T At

>Ts, the dependence dd on temperature becomes non- 1 (xtol X
== dxfodyee[um—uwn, (9)

Xunf

o
[54]
T
1

wherey, ¢ IS the structural overlap in the unfolded, apg,

in the folded ensembles. In our simulations we took a value
of x=0.3 to be characteristic of unfolded states and that of
x=0.9 to represent fully folded molecules. The free-energy
T, profiles computed for the present protein model by using the
histogram reweighting techniqyéd 8] are shown in Fig. 5.

b
(3]
T
L

w

3]
T
—_

D (10™°1/time steps)

25 7] For temperatures abovie =0.59, the free-energy curve has
one minimum that corresponds with the unfolded state. Fold-

151 ] ing in this case is uphill and thus requires a considerable
time. At temperatures around the folding temperature, the

0.51.2 1j7 2j2 free-energy surface has two minima at low and high values

B (k/e) of x with each minimum corresponding to the folded and

unfolded states, respectively. This type of the free-energy

FIG. 4. Configurational diffusion coefficiefit computed for the ~ surface indicates that the folding transition in the present
studied protein model as a function of the inverse temperature. model is a first-order like. The free-energy barrier that the
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10° r . r r over all 500 independent trajectories. To check the accuracy
0—0 Folding time of the final result the array of the initiallconfigurations was
e—o MFPT doubled to reach 1000 and the whole simulation process re-
peated. The resultingyp did not differ visually from the
one shown in Fig. 6. It can be seen from Fig. 6 that the
T analytical formula(9) produces an overall very good agree-
¥ l ] ment with the result of the direct simulation. The curve of
7¢(T) reproduces quite well the main trends of the mean-first
passage time, especially slowing down at low and high tem-
peratures. At high temperatur&s>T;, the values of bothr;
and ryep differ by no more than two times. At lower tem-
. . . . . peratures the agreement is even better, where the two folding
0.30 0.40 0.50 0.60 0.70 080 times almost coincide. The conclusion that we are naturally
T (8/k) led to draw here is that the diffusive dynamics on the free-
energy funnels picture devised by Bryngelson and Wolynes
FIG. 6. Folding time(in time step$ calculated due to formula for proteins is quantitatively correct when applied to the
(9) and the mean-first passage time computed for the studied modgkesent protein model. This is a rather surprising result,
in folding experiments. given all the serious approximations made to derive (Bj.
especially the negligence of the diffusion coefficient depen-
protein has to overcome on its route to the native state islence ony. Nevertheless, Fig. 6 clearly shows that the dy-
small, however, up t&k,T in magnitude at the transition namics of the reaction coordinate can be satisfactorily de-
temperatureT; . It is unlikely that this small barrier may scribed by the Brown equatioi®).
serve as a time-limiting step in the folding of the present
mod_el. More plau_sibly, folding in our case is controlled ex- IV. CONCLUSIONS
clusively by the diffusive process @t~ T;. At low tempera-
tures the folding reaction is entirely downhill as can be seen In this paper we applied the molecular dynamics method
in Fig. 5 and the folding time is again determined By to study kinetical properties of a small off-lattice protein
alone. model. We focused on the dynamics of the reaction coordi-
By numerical integration of Eq(9) we calculated the natey that measures similarity between a given conforma-
folding time for the present model @ protein. It is shown tion and the native state. By using direct evaluation of the
in Fig. 6 along with the mean-first passage timg-p. The  configurational diffusion constam we have shown that the
mean-first passage time was calculated as follows. From dynamics ofy can be satisfactorily described by the diffu-
simulation at temperaturé=1 an ensemble of 500 mono- sive Brown equation, as suggested by Bryngelson and
mer configurations was generated over sufficiently long timéVolynes[3]. Folding time calculated from the diffusive-rate
intervals to avoid statistical correlation. At this high tempera-formula and the mean-first passage time calculated in simu-
ture the structural overlay is about 0.3, i.e., sufficiently lations directly agree to within a factor of 2 over a wide
small. The chain then populates mostly expanded conformaange of temperatures. Particularly good agreement is ob-
tions and we can assume that the set of these conformatiossrved at lower temperatures, below the folding transition.
reproduces the unfolded ensemble of the protein. From each
of these initiall states a foldin_g sim_ulation at the target tem- ACKNOWLEDGMENT
perature was initiated. The simulation was halted as soon as
x reached its maximum value 1, and the time of the first One of us(A.B.) benefited from discussions with P. G.
passage was recorded. Final value fqf-p was averaged Wolynes when this work was carried out.
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